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Which groups, which forces transformed
abbacus algebra, thus creating intellectual
infrastructure for the scientific revolution?
Reflections on the possibility to transfer
the Zilsel thesis

1 Edgar Zilsel and the Zilsel-Thesis

Edgar Zilsel was an Austrian sociologist belonging to the circle of logical empiri-
cists, along with Otto Neurath and Jorgen Jgrgensen one of those who believed in the
possibility of achieving reliable knowledge about the external world (and together
with Neurath and Jgrgensen closer to Marxism than most members of the move-
ment).! In Zilsel’s case, with his background in sociology, the method supposed to lead
to the goal was sociological and historical comparison, not Neurath’s ‘physicalism’.

Zilsel was marginal in the Vienna environment. He remained so after his post-
Anschluss emigration to the U.S., where he was associated with the International Insti-
tute of Social Research, the emigrated version of the Frankfurt Institut fiir Sozialfor-
schung [1: xxi]. After his suicide in 1944, he was almost forgotten (the history of
science constituting a partial exception) — in particular he disappeared from historical
accounts of logical empiricism, at least until not too long ago.*

During his stay in the U.S., Zilsel worked (until 1941 on a Rockefeller grant and
then in the scarce time left over from earning a living) on a project on the social ori-
gins of Modern science. The articles communicating partial and preliminary results
from this project have secured him some fame among historians of science.’

1 When Rudolf Carnap gave up genuine empiricism in 1932 [105] with his introduction of the concept
of ‘protocol sentences’ (whose relation to some real world was considered outside the philosopher’s
field), Zilsel was the first to attack him [61].

2 Things have changed slightly after 2000. In Kevin Mulligan’s three-page article [62] on ‘Logical Posi-
tivism and Logical Empiricism’ in International Encyclopedia of the Social & Behavioral Sciences, Zilsel
and Neurath have four items each in the bibliography, Carnap three, and nobody else more than two;
the context, admittedly, is one where importance for genuine empirical research counts. In [63], Zilsel
gets a whole chapter [64], to which comes Monika Wulz’s analysis of Zilsel’s thought about historiogra-
phy [106]. An edited volume presenting Zilsel’s thought broadly [65] is under way in the Vienna Circle
Institute Yearbook series but has not yet appeared in this moment of writing.

3 Now published collectively, together with unpublished material in [1].
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The first to appear in print was ‘The Sociological Roots of Science’ [2]. Its abstract
runs as follows:

In the period from 1300 to 1600, three strata of intellectual activity must be distinguished: univer-
sity scholars, humanists, and artisans. Both university scholars and humanists were rationally
trained. Their methods, however, were determined by their professional conditions and differed
substantially from the methods of science. Both professors and humanistic literati distinguished
liberal from mechanical arts and despised manual labor, experimentation, and dissection. Crafts-
men were the pioneers of causal thinking in this period. Certain groups of superior manual la-
borers (artist-engineers, surgeons, the makers of nautical and musical instruments, surveyors,
navigators, gunners) experimented, dissected, and used quantitative methods. The measuring in-
struments of the navigators, surveyors, and gunners were the forerunners of the later physical
instruments. The craftsmen, however, lacked methodical intellectual training. Thus the two com-
ponents of the scientific method were separated by a social barrier: logical training was reserved
for upper-class scholars; experimentation, causal interest, and quantitative method were left to
more or less plebeian artisans. Science was born when, with the progress of technology, the ex-
perimental method eventually overcame the social prejudice against manual labor and was
adopted by rationally trained scholars. This was accomplished about 1600 (Gilbert, Galileo,
Bacon). At the same time the scholastic method of disputation and the humanistic ideal of indi-
vidual glory were superseded by the ideals of control of nature and advancement of learning
through scientific co-operation. In a somewhat different way, sociologically, modern astronomy
developed. The whole process was imbedded in the advance of early capitalistic society, which
weakened collective mindedness, magical thinking, and belief in authority and which furthered
worldly, causal, rational, and quantitative thinking.

Summing up the summary, neither the university tradition nor Renaissance Human-
ism nor technicians created the scientific revolution on its own — what was decisive
was the interaction between and the mutual fecundation of the three groups.

Zilsel’s ideas — together with Boris Hessen’s and Robert Merton’s work on seven-
teenth-century England — have inspired other workers to agreement or debate; I shall
only mention [3] and (some of) the articles collected in [4]. My intention here is to see
how far the idea can be applied to a parallel field, which neither Zilsel nor the discussions
after his time have taken up: the emergence of ‘Modern algebra’ (that of the outgoing
sixteenth and earlier seventeenth century, to be distinguished from the Moderne Algebra
created by Emmy Noether and Emil Artin and made famous by Bartel L. van der
Waerden).

This will involve interaction between social groups with different intellectual ori-
entations. Since Jesper Liitzen has made pioneering work on such mutually fruitful
interactions in later times, I hope this will be a fitting homage.

2 Three acting groups

Of Zilsel’s three groups, Renaissance Humanists can be taken over directly into our
story. At the global level, university scholars also recur. However, what is interesting
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for us are not the natural philosophers of Merton College and their kin but the read-
ers of Euclid and of other ancient mathematicians; for this reason it is worthwhile to
also include the pre-university translators of the twelfth century. Artisans, finally, are
not to be understood as gunners and master builders but as the maestri d’abbaco,
teachers in the Italian abbacus schools (that some of them were also surveyors does
not appear to concern our present discussion much). Since not all groups were active
at the same time, a mainly chronological ordering of the argument will be fitting.

3 Latin reception in the twelfth to thirteenth
centuries

Algebra first appeared in Latin in four twelfth-century works. The fragment in the
‘Toledan Regule’ (the second part of the Liber alchorismi de pratica arismetice) [ed. 5,
pp- 163-165] was without the slightest influence. So was almost certainly the presenta-
tion of the technique in a chapter in the Liber mahameleth [ed. 6, ed. 7] from around
1160: the chapter in question is absent from all three extant manuscripts, we only
know about it from blind cross-references in other parts of the work.* Various prob-
lems solved by means of algebra have survived in the manuscripts; they are so differ-
ent from anything else we find, however, that we may safely conclude that even they
had no impact.

What remains are the translations of al-Khwarizm?’s algebra. One was made by
Robert of Chester [ed. 8] in c. 1145 and another one by Gerard of Cremona [ed. 9] in
c. 1170. They build on different Arabic manuscripts; the one used by Gerard being
closer to the lost original than that used by Robert (and apparently also closer to the
original than the extant Arabic manuscripts, see [10] and [11, pp. 88-90]). Since Rob-
ert’s use of substantia as the translation of Arabic mal found no echo, even his transla-
tion seems to have had scarce influence — Gerard uses census, also found in the Liber
mahameleth as well as the anonymous Liber augmenti et diminutionis (below, note
13); this thus appears to have been the established translation in 1170; in any case, it is
the term chosen by Leonardo Fibonacci and later used in the Italian tradition (as
censo). The same conclusion follows from the distribution of manuscripts: copies of
Gerard’s translation come from many places, whereas all three extant manuscripts of
Robert’s translation were made in fifteenth-century southern Germany.

We know from later references that a third translation into ‘our language’ (proba-
bly an Italian vernacular but possibly Latin) was made by Guglielmo de Lunis during

4 Actually, it is a possibility that this chapter was only in an Arabic original, of which we possess a
more or less free translation [66, pp. 42—44].
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the first half of the thirteenth century. Apart from quotations in two ‘abbacus encyclo-

paedias’ from around 1460 (below, note 35) and later sources, it has left no traces.’

So, algebra was essentially received through Gerard’s translation, which is very
faithful to al-Khwarizmi’s original.’ We find in it:

—  The rules for solving the six simple and composite equation types (‘cases’) of the
first and second degree. The rules are formulated for the normalized equations
(except for the type ‘roots are made equal to number’, in which case the normal-
ized equation is the solution), but numerical examples show how to reduce non-
normalized equations to their normalized form. The algebraic unknown is a cen-
sus’, considered together with its (square) root.

— Geometrical demonstrations for the correctness of the rules for the composite
cases.

- An explanation of how to multiply additive or subtractive binomials (involving
two integer or fractional numbers or an algebraic res/ ‘thing’ and a number).

— An explanation of the addition and subtraction of bi- and trinomials involving
numbers, square roots of numbers, census and/or algebraic roots. For binomials,
a geometric argument is given (drawing along two mutually perpendicular axes);
for trinomials, al-Khwarizmi says that he tried to make a similar proof, but it was
not clear — ‘but its necessity is obvious from the words’.® Between the explana-
tions and the proofs, it is taught how to multiply and divide square roots.

—  Six problems illustrating the six rules. Here, the algebraic unknown is first la-
belled res, but its product with itself is then identified with the census, the res
thereby becoming a root.

— A section on miscellaneous problems, also illustrating the use of the rules. This
section contains more problems in Robert’s version and in the Arabic manu-
scripts (not always the same number).

— A chapter on ‘merchants’ agreements’, actually about the rule of three (but this
name is not stated, nor was it used by al-Khwarizmi).

5 Regularly, Guglielmo’s translation is claimed to be identical with a certain Liber restauracionis by
scholars who have fallen in love with Occam’s razor (one peg, one hole, even if one is square and the
other round) and (in the present case at least) do not bother to read the sources they refer to with
attention (nobody named, nobody forgotten). The reasons that this identification is impossible are set
out in [28, pp. 335-338].

6 Apart from the occasional use of Hindu-Arabic numerals and the inclusion of some extra problems
that had crept into the Arabic tradition after al-KhwarizmI’s time, even Robert’s translation is actually
faithful to the original. Even if it had been used more widely, it would not have given the Latin world
access to the more recent transformations of Arabic algebra.

7 Translating Arabic mal, originally (and still today in general language) an amount of money, but
more or less reduced to a formal magnitude, characterized solely by being the product of its (square)
root by itself.

8 My translation, as all translations in the following where no translator is identified.
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—  An appendix with problems ‘found in another book’, namely some of the miscel-
laneous problems known from the extant Arabic manuscripts but absent from
the one used by Gerard.

The chapters on geometrical calculation and on inheritance arithmetic are left out by
Gerard and Robert (if not already by their source manuscripts).

Even Gerard’s translation had a limited impact, and for good reasons. There
were, roughly speaking, two motives for the translation of philosophical and scientific
works from the Arabic. One was the desire to get hold of those purportedly central
works that were known by title only from such encyclopaedic works as Martianus Ca-
pella’s Marriage of Mercury and Philology. This, of course, could not concern al-
Khwarizmi and algebra. The other I have termed ‘medico-astrological naturalism’,’
and had astronomy subservient to astrology as an essential ingredient (together, of
course, with medicine and astrology stricto sensu). For those in direct contact with
the Arabic tradition, it would be known that al-Khwarizm1’s algebra was reckoned
among the ‘middle books’ (together with Euclid’s Data and various works on spher-
ics), the books that were to be read between the Elements and the Almagest [12], and
it would therefore be an obvious choice to translate it, just as al-Khwarizm’s intro-
duction to the Hindu-Arabic numerals was translated as an essential tool for astro-
nomical table-making and calculation. But while Hindu-Arabic numerals really served
in astronomy, algebra did not serve astronomy as it came to be practised in Latin Eu-
rope in any way — at least not before Regiomontanus applied it in the 1460s when
proving a few trigonometrical theorems. In consequence, few university scholars had
any reason to take up the topic.

The 1228-version of Fibonacci’s Liber abbaci [ed. 13, ed. 14] contains a final section
on algebra, and it can be taken for granted that a similar section was present in the
first version from 1202, probably containing fewer problems. As observed by Miura
Nobuo [15], Fibonacci draws to some extent on Gerard in the beginning of this presen-
tation, but afterwards many problems are solved that are not borrowed from al-
Khwarizmi. Some share the mathematical structure and the parameters (but not the
structure of the formulation) with Abx Kamil, some only the mathematical structure,
and others share their structure with al-Karaji’s Fakhri. Comparison of Fibonacci’s
text with the original in a case where we know that he copies (namely, from Gerard’s
translation of Abt Bakr’s Liber mensurationum'®) shows that he did not try to conceal
his borrowings; we may therefore conclude that he did not use Abtt Kamil’s and al-
Karajr’s books directly but drew on what circulated somewhere in the Arabic world in
his own times. There are no traces, however, of the algebraic symbolism that had

9 Iintroduced the term in [67, p. 30], reprinted [68, p. 140]. A more thorough discussion of its various
aspects and its role in the ‘translation movement’ can be found in [69, pp. 456-458].
10 See [70, p. 55].
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been developed in the (presumably late) twelfth century in the Maghreb, nor of al-
Karaja’s elaboration of a theory of polynomials or his approaches to a purely alge-
braic proof technique; for this and other reasons it seems sensible to assume that he
drew on material from al-Andalus (Muslim Spain), whose intellectual life was already
being cut off from the Islamic world at large.

Fibonacci still offers geometric proofs of the rules for solving the mixed second-
degree equations. For the case ‘census and things are made equal to number’, he even
gives two, just like al-Khwarizmi, but not the same; the first corresponds to the under-
lying idea of Elements 11.7 (al-Khwarizm1’s second proof is a similarly ‘naive’ counter-
part of Elements I1.6), while the second builds on the formulation of Elements I1.6 (yet
without mentioning this source, which Fibonacci is otherwise fond of parading)."
Even later in the algebra chapter, geometric proofs abound which have no counter-
part in al-Khwarizmi. For Fibonacci, proof was geometric proof, in agreement with his
orientation towards Greek theory.

Well before introducing algebra explicitly, Fibonacci makes use of a technique which
we cannot avoid recognizing as rhetorical algebra of the first degree, but which Fibonacci
conspicuously regards as something different. The unknown is designated res, while the
method itself is spoken of as regula recta, ‘direct rule’."* The distinction is not Fibonacci’s
invention; the Liber augmenti et diminutionis® often offers an alternative solution by reg-
ula — which is exactly Fibonacci’s regula recta. Without the name we shall encounter it
below when discussing Jean de Murs. Benedetto da Firenze [ed. 16, pp. 153, 168, 181], to
whom we shall also return, refers to it as modo retto/repto/recto with unknown quantita —
his source can thus hardly be Fibonacci or the Liber augmenti. . . .

With one possible exception, we have no evidence that anybody outside Italy
read the Liber abbaci before Jean de Murs did so in the mid-fourteenth century. Inside
Italy, a number of copies and at least one vernacular translation were produced dur-
ing the next three centuries — some 15 copies still survive, not all of them complete.

The possible exception is Jordanus de Nemore. Perhaps in the later 1220s** he
wrote the treatise De numeris datis [ed. 17]. It emulates the format of Euclid’s Data and
applies it to the arithmetical domain. It is deductively organized and contains proposi-
tions of the form ‘if certain arithmetical combinations of certain numbers are given,

11 Both types were current in Arabic algebra of the epoch; the latter had already been introduced by Tha-
bit ibn Qurrah [ed. 71], the former is described (in an arithmetical version) by ibn al-Ha'im [ed. 72, p. 18f].
12 [Ed. 13, p. 191], [14, p. 324] and passim. All occurrences are in chapter 12, containing mixed prob-
lems, most of them of ‘recreational’ type.

13 [Ed. 73, I, pp. 304-371], transformed into a critical edition by Barnabas Hughes [74]. The work was
translated in Iberian area (perhaps Toledo) during the twelfth century and is best known for introduc-
ing the method of a double false position in Latin mathematics.

14 The treatise is written after his De elementis arithmetice artis, to which it refers, and these ele-
ments after the second version of the algorism treatises. Here, indeed, the letter symbolism is first
developed, which was then used to the full in De elementis. One of the algorism treatises was copied
(apparently by Grosseteste) in 1215/16 [75, p. 133f].
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then the numbers themselves are also giver’,” and formulates the proofs in an abstract

letter symbolism. Jordanus does not mention algebra at all, but he gives numerical ex-
amples that often coincide with what can be found in corresponding problems in prop-
erly algebraic works, leaving no doubt that he had undertaken to reformulate algebra
as a demonstrative arithmetical discipline, intentionally leaving so many traces that
those who knew algebra would recognize the endeavour.

In many cases, Jordanus’s numerical examples coincide with those of al-Khwarizmi.
In others, they point to either Abti Kamil or Fibonacci [18, p. 310, n.10] — and since the
known Latin translation of Abti Kamil’s algebra may have been later (that is the disputed
claim of [19, pp. 315-317]), Jordanus could have known the Liber abbaci.'® A further sug-
gestion (nothing more) in the same direction comes from what Jordanus presents in I1.27
as ‘the Arabic method’ to solve a problem of type ‘purchase of a horse’, which has some
non-trivial similarity (namely in the parameters) to a problem we find in the Liber ab-
baci [ed. 13, pp. 245-248; ed. 14, pp. 400-403].

De numeris datis is not a mere reformulation. The quest for deductivity as well as
Jordanus’s general inclinations cause the outcome of his undertaking to be at least as
much of a piece of coherent theory as the Euclidean model. It also covers matters that
are foreign to Arabic algebra — book II, starting with the equivalent of the rule of three
(thus the equivalent of the final chapter of Gerard’s translation of al-Khwarizm’s alge-
bra) that develops into a wide-ranging investigation of proportion theory. Book III con-
tains further elaboration of the same topic."”

A small circle seems to have existed around Jordanus, comprising Campanus and
Richard de Fournival and being at least known to Roger Bacon [18, pp. 343-351]. It is
regularly claimed that De numeris datis became the standard algebra textbook in the
scholastic university. Unfortunately, there is no documentary basis whatsoever for
the assumption that there was any algebra teaching there and a fortiori not for as-
suming that Jordanus’s treatise served. What we know from the fourteenth century is
that Oresme cites De elementis and De numeris datis in three of his works'®. Oresme

15 For instance, 1.17, ‘When a given number is divided into two parts, if the product of one by the
other is divided by their difference, and the outcome is given, then each part will also be given’. IV.9
indicates the existence of a double solution to what we would express x* + b = ax as follows: ‘a square,
which with the addition of a given number makes a number that is produced by its root multiplied by
a given number, can be obtained in two ways’.

16 On the other hand, we know that Jordanus knew aspects of Arabic mathematics where we have no
idea about his sources.

17 A few of the propositions from book III coincide with what can be found in chapter 15 part 1 of the
Liber abbaci (e.g., I11.14 and IIL.15). However, the two contexts are so different — both of them system-
atic but organized according to different principles — that this coincidence is likely to be accidental.

18 The former in Algorismus proportionum [ed. 76, p. 14], in De proportionibus proportionum [ed. 77,
pp. 140, 148, 180] and Tractatus de commensurabilitate vel incommensurabilitate motuum celi [ed. 78,
P. 294] (merely a complaint that Jordanus’s subtle work is inapplicable to the presumably irrational
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being without competition the foremost Latin mathematician of his century, his use
of another eminent mathematician proves little concerning his contemporaries.

In the fifteenth century, two famous Vienna astronomers demonstrate that they
not only knew De numeris datis but also understood in what way it was related to the
Arabic art and in which way it differed. One is Georg Peurbach, who in a poem [ed.
20, p. 210] refers to ‘the extraordinary ways of the Arabs, the force of the entirety of
numbers so beautiful to know what algebra computes, what Jordanus demonstrates’.
The other is Regiomontanus, in whose Padua lecture on the mathematical sciences
from 1464 [ed. 21, p. 46] refers to ‘three most beautiful books about given numbers’
which Jordanus

had published on the basis of his Elements of arithmetic in ten books. Until now, however, no-
body has translated from the Greek into Latin the thirteen most subtle books of Diophantos, in
which the flower of the whole of arithmetic is hidden, namely the art of the thing and the census,
which today is called algebra by an Arabic name.

The reference to Diophantos anticipates Regiomontanus’s interaction with the Hu-
manist current; for the moment we may just take it as another way to specify the rela-
tion between Jordanus’s treatise and the algebraic discipline."

In the list of books left by the later less famous Vienna astronomer Andreas Sti-
borius in c. 1500 we find as neighbouring items Euclid’s Data, Jordanus’s De numeris
datis and Demonstrationes cosse (an unidentifiable work on algebra in Italo-German
tradition) [22, p. 347]. Either Stiborius or Georg Tannstetter (who made the list) thus
understood De numeris datis as belonging midway between Euclid’s Data and algebra.

Jordanus was certainly an eminent representative of the universitarian mathematical
environment, even if his work had little impact on the further development of univer-
sity mathematics. Fibonacci is less easy to categorize. He wrote in Latin; much of the
material he presents is similar to what we find later in the abbacus tradition; he often
applies methods belonging to the ‘scientific’ mathematical tradition, in particular geo-
metric reasoning in Euclidean style, and refers to abbacus methods as ‘vernacular’
(using terms like vulgariter);?® his reception within the university tradition was very
limited and, as we shall see, even his impact on the abbacus tradition was modest. It
is thus impossible to locate him within any of the three traditions; what we can say is
that he is a witness of the existence of something close to the later abbacus tradition
already around 1200, and that his book is a first attempt at synthesis between the

ratios of celestial speeds); the latter in De proportionibus proportionum [ed. 77, pp. 164, 266] (referen-
ces to propositions about elementary proportion theory, not to the crypto-algebra).

19 Regiomontanus also listed De numeris datis in the leaflet containing his publishing plans (which
were never realized because of his sudden death) [ed. 21, p. 533]. However, all this text tells us (albeit
indirectly, by including it) is that Regiomontanus considered the treatise important.

20 Ed. Boncompagni [13, pp. 63, 111, 114, 115, 127, 170, 204, 364; 14, pp. 107, 190, 198, 219, 290, 342, 563,
564].
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practical and the scholarly traditions®* — a heroic but premature attempt, and in con-
sequence a heroic failure, we may say.

4 The fourteenth century - early abbacus algebra,
and first interaction

Abbacus teachers and schools are mentioned in the sources from 1265 onwards.*

These schools trained merchants’ and artisans’ sons (and often sons of the urban pa-

triciate) for two years or less around ages 11-12. They thrived between northern Italy

(not least, Genua, Milan and Venice) and Umbria until the mid-sixteenth century.

The curriculum, as we know it from one explicit description and one contract be-
tween a master and an assistant® (and as confirmed by scattered remarks in various
abbacus books), encompassed the following:

—  First, the practice of numbers: writing numbers with Hindu-Arabic numerals; the
multiplication tables and their application; division, first by divisors known
from the multiplication tables and then by multi-digit divisors; calculation with
fractions.

— Then, topics from commercial mathematics (in different order in the two docu-
ments): the rule of three; monetary and metrological conversions; simple and
composite interest and reduction to interest per day; partnership; simple and
composite discounting; alloying; the technique of a single false position; and area
measurement.

Everything, from the multiplication tables onward, was accompanied by problems to be
solved as homework. Manuscript books being expensive, the teaching was evidently
oral. The ‘abbacus books’, written by many teachers, were not meant as textbooks for
the school. Some were written explicitly as gifts to patrons or friends, some perhaps as
teachers’ handbooks (that is at best an educated guess), some claim to be suited for self-
education. They often include topics that go beyond the school curriculum, such as the
double false position and algebra. These topics may have served in the training of assis-
tant-apprentices, but this is another speculation with no support in the sources; in any
case, we know that proficiency in such difficult matters was important in the competi-

21 See [25, 79].

22 Leaving out her unsubstantiated belief in the inspiring role of Fibonacci (repeated in her many
works on aspects of abbacus culture, always stated without argument), Elisabetta Ulivi’s overview [80,
Pp. 124-126] of the beginnings of the institution can be recommended.

23 The former (describing the Pisa curriculum) from the 1420s [ed. 81], the latter from Florence from
1519 [ed. 82, pp. 421-425].
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tion for employment (smaller towns often employed an abbacus teacher) or for paying
pupils (in Florence, abbacus teaching was private business).

The earliest two extant abbacus books are from the outgoing thirteenth century
(both known from fourteenth century copies). One of them (the ‘Columbia algorism’
[ed. 23]), apparently written shortly after 1278 [24, p. 31], reveals some puzzling affini-
ties with Iberian fourteenth-century material. The other, the Livero de I’abbecho, is
probably somewhat but not very much later [24, p. 34]. The latter claims, in its intro-
ductory lines, to be written ‘according to the opinion’ of Fibonacci. As close analysis
shows, the treatise moves on two levels [25]; one, elementary and corresponding to
the curriculum of the school, horrows nothing at all from Fibonacci; the other consists
almost exclusively of sophisticated problems borrowed from Fibonacci — but demon-
strably borrowed without understanding, and without the compiler having followed
the calculations.** Obviously, Fibonacci cannot have inspired the actual teaching of
the compiler: his role is that of prestigious decoration.

Neither the Columbia algorism nor the later ordinary abbacus treatises owe more
to Fibonacci (at least not before some partial exceptions from the mid-fifteenth cen-
tury) — actually, they do not even refer to him. We must conclude that the tradition
did not (as often claimed without the slightest support in the sources) derive from Fi-
bonacci’s Liber abbaci and Pratica geometrie. It had its roots in the larger Mediterra-
nean tradition for commercial calculation — in Arabic mu'amalat mathematics, but
probably in particular in Iberian practices. Fibonacci had been acquainted with the
same practices a small century earlier, but by presenting what he had learned from
them according to scholarly norms he had efficiently barred diffusion to the mathe-
matically innocent abbacus teachers.

Further details about the origin of the abbacus tradition do not concern us here.
All we need to notice is that it existed as an independent tradition.

Algebra was no part of the early abbacus tradition — the compiler of the Livero
demonstrates by occasional misunderstandings of Fibonacci’s words that he has
never heard about it. The earliest abbacus algebra is likely to be the one contained in
Jacopo da Firenze’s Tractatus algorismi, written in Montpellier in 1307.%

24 In particular, Fibonacci’s notation for ascending continued fractions, used profusely in the Liber
abbaci (also in problems copied by the compiler) are misunderstood as ordinary fractions.

25 See [24]. All three manuscripts of this treatise are fifteenth-century copies: Vatican Vat. Lat. 4826
(V) can be dated by watermarks to c. 1450. Milan, Trivulziana 90 (M) in the same way to c. 1410. Flor-
ence, Riccardiana 2236 (F) is written on vellum and hence carries no watermarks. However, it is
closely linked to M but slightly more corrupt; if not necessarily in date then at least in distance from
the archetype it is therefore later than M.

F and M are in any case closely related, and apparently descendants of a revision leaving out part
of the original treatise so as to fit the treatise to the school curriculum and taking up a few things of
direct commercial interest. Only V contains the algebra section, which could therefore be a secondary
insertion. However, stylistic considerations strongly suggest that it was written by the same hand as
the archetype shared by all three manuscripts. In any case, comparison with other abbacus algebras
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This algebra is very different, both from that of the Liber abbaci and from any-
thing we know (in the original language or in translation) from the hands of al-
Khwarizmi, Abt Kamil and al-Karaji (although it has more in common with al-Karaj1’s
elementary Kaft than with his advanced Fakhri and Badi' and with the other two au-
thors). Its descent from Arabic algebra is indubitable; as we have seen, its use of the
term census (Tuscanized as censo) for mal is shared by various Iberian twelfth-
century translations.

Jacopo first presents rules for the six basic cases (those of the first and second
degree), already dealt with by al-Khwarizmi. These are provided with examples. Then
follow fourteen that can either be solved by simple root extraction or reduced to one
of the initial six examples. They are not followed by examples.

The ‘root’ has disappeared from the rules, being everywhere replaced by the
‘thing’ (Tuscan cosa), and all rules are formulated so as to cover non-normalized equa-
tions.?® More significant, all references to geometric proofs have disappeared. Further,
the term raoguaglamento, probably descended from Arabic muqabalah, is used about
the confrontation of the two sides of an equation, in agreement with the literal mean-
ing of this Arabic term and probably with its original technical use [26]; from al-
Khwarizmi onward, however, with al-Karaj1 as the sole exception, the term was habit-
ually used to designate the simplification of an equation by removal of additive
terms.”’ Ristorare, corresponding to Arabic jabara (whence al-jabr, the term that was
Latinized as Algebra) and in most Arabic sources referring to the elimination of a sub-
tractive term through addition, is used by Jacopo for additive as well as subtractive
simplification.

Finally, Jacopo’s examples not only differ in actual contents from those encoun-
tered in al-Khwarizmli (etc.) and the Liber abbaci, many of them also differ in charac-
ter. Those of al-Khwarizmi and Fibonacci (and of Abta Kamil too) are either pure-
number problems or, at most, deal with an unspecified ‘capital’ or with an amount of
money divided between a number of men. Half of Jacopo’s ten examples pretend to
deal with real commercial problems — and one with a square root of real money, not
merely a formal mal. Commercial problems, we may observe, abound in ibn Badr’s
Ikhtisar al-jabr wa’l-muqabalah [ed. 27], possibly of Iberian origin and in any case

from the early phase shows that it reflects the character of the discipline at the moment of reception,
and that it must belong to the early decades of the century. For convenience, and with this proviso, I
shall speak of its date as 1307 and of its compiler as Jacopo (who is anyhow just a name, we know
nothing about him except what he tells in the colophone).

26 That is, the first step is a division by the coefficient of the censi. In contrast to what is done by al-
Khwarizmi (and, in different words, still in the Liber mahameleth), no distinction is made between
divisors greater than respectively smaller than 1.

27 In al-Khwarizmi, however, the term seems rather to refer to the production of a simplified equation
via such subtraction on both sides — which may eventually have led to the change of meaning.



134 —— Jens Hayrup

known in the Iberian world, and square roots of real money are copious in the Liber
mahameleth.”®

The further development of algebra built on this foundation — not all of it directly
on Jacopo, but in any case on the same source tradition.? Within a couple of decades,
however, new elements were added, presumably inspired directly or indirectly by what
had been developed in the Maghreb and/or al-Andalus (Muslim Spain) in the twelfth
century [28, pp. 303-321]: calculation with ‘formal fractions’ (e.g., {222 + 190 ) (mostly
unsystematic) use of abbreviations for root, cosa and censo; and the use of schemes for
the calculation with binomials. More problematic and probably no borrowing, the fields
becomes infested with false solutions to irreducible third- and fourth-degree cases,*
surviving into the mid-sixteenth century, where Bento Fernandes copied them in his
Portuguese Tratado da arte de arismetica [29, p. 11].

Some authors understood that the false solutions were false. In 1344, master Dardi
da Pisa wrote the earliest extant treatise in abbacus tradition, dedicated exclusively to
algebra. He solves no less than 194 cases correctly — a huge number he attains by in-
cluding complicated radicals (e.g., ac + BVK = y(), whose correct treatment shows that
he understood the nature of the sequence of algebraic powers well. He also includes
four rules for irreducible cases, which only hold under special circumstances (as he
says without specifying these); they are almost certainly not his own brew, but the
one who derived them from obviously reducible cases by changes of variable®" must
have had a very good understanding of polynomial algebra.

A treatise from Florence from fourteenth century contains a very long chapter on al-
gebra.** Here, the nature of the sequence of algebraic powers as a geometric progression
is set out explicitly, and it is shown how equations of the types K + B¢ = m, K = BC + m and
BC = K + m can be reduced to the form K = n + ac. The transformations are not explained
in detail, but the transformed non-reduced coefficients show beyond doubt that the author
makes the change of variable and the consecutive operations exactly as we would do it.

28 A more elaborate discussion of the distinctive characteristics of Jacopo’s (and subsequent abbacus)
algebra can be found in [24, p. 156].

29 Since Jacopo’s treatise contains no single Arabism, this tradition must have been located in a (non-
Italian) Romance-speaking area — most likely in Catalonia or the wider Catalan-Provencal area, as ar-
gued in [24, pp. 166-182]. But this is of no concern here.

30 Solving for instance the equation oK = fc +y as if it had been a¢ = c +y (K stands for cubo, ¢ for censo,
¢ for cosa). Anybody with basic algebraic insight would discover that this can only be true if K = C, that is,
if ¢ = 0 (not admitted at the time) or ¢ = 1 — which means that those who accepted the solutions either did
not have such insight or expected their public not to posses it.

Control, we should notice, did not work well. The wrong solutions lead to expressions involving
radicals, and since abbacus algebra (in contrast to abbacus geometry) never stooped to approxima-
tion, it would have required hard work to find out they would not work.

31 For instance, taking the rate of interest as the unknown instead of the value of the capital after
one year in a problem about a capital that grows from 100 £ to 150 £ in three years.
32 Florence, Biblioteca Nazionale, Fond. princ. IL.V.152 [ed. 83].
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We also find schemes for the multiplication of trinomials, modelled after the algorithm a
scacchiera (“on chesshoard”) for multiplying multi-digit numbers.

Fifteenth-century copies of Antonio de Mazzinghi’s late fourteenth-century writ-
ings show that his insights were even deeper. They were exceptional but has no rele-
vance for our theme, and we may leave them aside.

Fourteenth-century Humanism, as represented by such figures as Petrarca and Boc-
caccio, was purely literary. It did not make any attempt to approach mathematics, nei-
ther universitarian nor of the abbacus type; nor did university mathematicians or
abbacus masters take any professional interest in what these Humanists were doing.

One well-known university mathematician, however, took up algebra, in part from
Gerard’s translation of al-Khwarizmy, in part from the Liber abbaci and in part from famil-
iarity with unidentified abbacus writings: Jean de Murs, in his Quadripartitum numerorum
from c. 1343 [ed. 30], which in Regiomontanus’s above-mentioned publishing prospectus
stands alongside Jordanus’s De numeris datis. Regiomontanus does not characterise it as an
algebraic work, nor is it indeed one when taken as a whole. It consists of four books and a
‘half-book’ (semiliber). Book I is in a mixed Boethian-Euclidean tradition, whereas book II
deals with calculation with Hindu-Arabic numerals and with fractions. These two books
are thus firmly rooted in the scholarly mathematical tradition as it had been shaped from
the twelfth century onwards — the fraction part of book II is, however, rooted in twelfth-
century works, which we know from annotations to have been consulted by Jean® rather
than in the university tradition, which (because Hindu-Arabic numerals served astronomy)
was primarily interested in ‘physical’ or ‘philosophical’, that is, sexagesimal fractions.

Book I1I, the first to deal with algebra, is also in the scholarly tradition. At first it
takes up proportion theory (chapters 1-8); next follows an exposition of algebra, not cop-
ied from Gerard yet in its beginning closely depending on him - but omitting the geomet-
ric proofs. However, while writing this chapter Jean must have come across the Liber
abbaci: the first three problems following after the general presentation are from al-
Khwarizmi, but the rest are borrowed from Fibonacci, as shown by Ghislaine I'Huillier.

Between book IIT and book IV, Jean now inserts a semiliber or ‘half-book’, stated
to be an ‘explanation of what preceded and presentation of what comes’. Here, and
also in book IV, the inspiration from the Liber abbaci is conspicuous — not only from
its algebra section but also from chapter 12, with its mixed and predominantly recrea-
tional problems. Even the regula recta turns up under the name ars rei, ‘the art of the
thing’ [ed. 30, pp. 418, 420f], mostly but not exclusively in borrowed problems where
Fibonacci already uses it. Jean also promises to propose many questions in book IV
illustrating the method, but actually does not do so.

33 Namely, the Liber alchorismi and a truncated copy of the Liber mahameleth, both contained in the man-
uscript Paris, Latin 15461 [30, p. XXX]. Both deal not only with ordinary fractions but also with ‘fractions of
fractions’, the Liber mahameleth, furthermore with ascending continued fractions — both types customarily
used in Arabic mathematics (and in the Liber abbaci). Jean takes up both types [ed. 30, pp. 204, 250].
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But not everything in the Quadripartitum that is new to the school tradition
comes from Fibonacci. Quite striking is the appearance and discussion of formal frac-
tions [ed. 30, p. 468f], for instance {55z cose that is, W. Jean even
operates on them, adding (using our above abbreviations) LC’C and % and finding
the correct result % — precisely as done in advanced abbacus algebra of the
time. Besides that, we find systematic (but dubious) work on the products of algebraic
powers and roots [ed. 30, pp. 463-469], going beyond what had been done by al-
Khwarizmi (but related to what Dardi must have known — and known better — a few
years before). In addition, Jean uses the powers of 2 as an explanatory parallel to the
algebraic powers — a device that was used by Rafaello Canacci [109, p. 432] and by Luca
Pacioli [31, p. 143'] in the late fifteenth century and which may have had fourteenth-
century abbacus antecedents unknown to us.**

So, Jean adopts into a scholarly treatise material both from Fibonacci and from
what was produced in his own times in the abbacus environment, and attempts to
subject it to the methodological norms of scholarly mathematics (not always with
great success, Jean is no outstanding mathematician and tends to err when working
on his own on difficult matters). But he does more. The methods by which recrea-
tional problems about pursuit are treated in book IV are applied afterwards to the
astronomical problem of conjunctions — Jean was an eager practising astrologer no
less than a mathematician, particularly interested in conjunctions — cf. [32, p. 131]. So,
his aim is multi-faceted synthesis, not just incorporation.

According to Regiomontanus’s prospectus, the Quadripartitum was ‘gushing with
subtleties’. Unfortunately for Jean and his project, not many tended to see his work in
that way, neither in his own nor in Regiomontanus’s century. ‘Time was not yet
ripe’ — that is, those who had such interests were too rare to get into direct or indirect
contact and to develop a common undertaking.

5 The fifteenth century - the beginnings
of a ménage a trois

In the fifteenth century, some abbacus teachers took over norms both from the Human-
ist movement and from scholarly mathematics — some Humanists showed interest in
mathematics (including abbacus mathematics, the mathematics that was actually
around) — and some mathematicians with university education and career took interest
in ‘Humanist’ (to be explained) as well as abbacus mathematics.

34 Another instance of use by Jean of abbacus material unknown to us is found in his De arte mensur-
andi [ed. 84, p. 187f], see [85].
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In the 1460s, three bulky ‘abbacus encyclopaedias’ were written in Florence, of
which two — Benedetto da Firenze’s Praticha d’arismetrica and the anonymous manu-
script Florence, BN, Palatino 573% — show evidence of Humanist orientation. Both au-
thors, when writing on their own, are fully immersed in the abbacus tradition —
specifically in a particular Florentine school tradition reaching back over Antonio de’
Mazzinghi and the fourteenth-century master Paolo dell’Abbacho to Biagio ‘il vecchio’
(who died around 1341). However, both also demonstrate Humanist interest in the
foundations of their discipline — and both, as can be seen from the dedications, had
client-patron relations with the highest level of the Florentine patriciate, which also
protected Humanism. In the beginning of the presentation of algebra, they choose not
to base themselves on Fibonacci (whose problems they give later in separate chapters)
or more recent authors from their school tradition (equally quoted at length with due
reference later on) but on al-Khwarizmi (in the otherwise lost redaction made by Gu-
glielmo de Lunis) — according to Benedetto because al-Khwarizm?’s proofs are piu
antiche [ed. 33, p. 20]. The way they render Fibonacci’s algebraic problems is also evi-
dence of Humanistic deference to a venerated text — no changes are made (except
translation, but both probably use a pre-existing Italian version); no new marginal
commentaries are added, the margins only contain Fibonacci’s own diagrams. Their
respectful copying from predecessors in their school tradition points in the same
direction.

But both also have ambitions to wrap their mathematics in scholarly garments.
Book II (of 16) of Benedetto’s treatise, dealing with ‘the nature and properties of num-
bers’, is a presentation of speculative arithmetic in the Boethian tradition. It also offers
an exposition and explanation of the complicated way ratios are named in this tradition
(doppia, sesquialtera, etc.) [ed. 34, p. 324f]. The first part of book V (on ‘the nature of
numbers and proportional quantities’) builds on the Campanus version of Elements
V-IX and on Campanus’s De proportione et proportionalitate about the composition of
ratios (the second part addresses metrological conversions, a customary abbacus con-
cern). The first part of Book XI presents Elements II. The Palatino writer is less ambi-
tious, but his chapter I1.8 still deals with ‘the way to express as part, and, first, the

35 In [37, p. 88] I maintained that the latter refers to the former, as having been written ‘already
some time ago’. This is an error, based on a misreading of a rather illegible manuscript copy, which I
stupidly did not control in a partial transcription referred to in a note on the same page (!). Actually,
an owner — probably the dedicatee — took possession of the Palatino manuscript in 1460, while Bene-
detto states to write in 1463. However, Benedetto clearly does not borrow from the Palatino manu-
script; what they share comes from shared background.

The third encyclopaedia (Vatican, Ottobon. lat. 3307, speaks (fol. 315") about an event which we
know from Benedetto to have taken place in 1445 as having happened ‘some 12 years ago’. It shares
many of the same sources (actually, most of it is copied from a model also used by the Palatino writer);
but it does not share the Humanist orientation.

All three are known from the respective authors’ autographs, Benedetto’s work also from several
incomplete copies; his autograph is Siena, L.IV.21.
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definition’ [ed. 35, p. 176], initially quoting Boethius’s, Euclid’s and Jordanus’s definition
of a ratio (proportione) as a relation between two numbers or quantities, going on later
with the Boethian names. This is not unproblematic: according to the definition, a ratio
is not a (possibly broken) number, as is the ‘part’ the author wishes to express. He sees
the difficulty but chooses to regard it as a mere question of language: ‘we in the schools
do not use such terms [vocaboli] but say instead [. . .] that 8 is %, of 12 and 12 is 3/, of 8.
He also points to the necessity that the two magnitudes in a ratio be of the same kind,
but overlooks that this should create difficulties when, later, the concept is used to ex-
plain the rule of three.

This illustrates well the limited ambition (and actual reach) of this integration of
abbacus and scholarly mathematics (Benedetto’s as well as that of the anonymous):
when it seems fitting, abbacus mathematics is put into the framework of scholarly
mathematics, but the authors reinterpret concepts as needed, neglecting the contra-
dictions that may arise.

Pacioli had similar aims, and in his case we also see them reflected in his biography:
he rose socially from being a teacher of abbacus mathematics to having the rank of a
court mathematician (until Ludovico Sforza was driven out from Milan by the French)
and to being a lecturer on and translator and editor of Euclid.

His Divina proportione — written while he was in Milan but printed in 1509 [36] —
is obviously inspired by Humanism (and by the wish to flatter the princely protector)
in its long introduction (Pacioli is always longwinded) and elsewhere, and attempts to
make mathematics a legitimate courtly-Humanist subject. But the translation of Piero
della Francesca’s Libellus de quinque corporibus regularibus, which he includes in the
printed edition, makes use of algebra in the abbacus tradition — and since Pacioli
undertakes experiments with symbolism, replacing Piero’s traditional symbols with
< for cosa and © for censo, algebra is not there simply because it was in Piero’s origi-
nal. If not a typographical play, these elegant shapes may perhaps represent an at-
tempt to adjust to the artistic taste of the time (and hence to the courtly Humanist
culture in a broad sense).

The Summa de arithmetica, geometria, proportioni et proportionalita from 1494 [31]
is different in orientation. The contents is primarily an encyclopaedic presentation of
abbacus mathematics. However, the authorities from whom Pacioli pretends initially to
have borrowed most of the material are Euclid, Boethius, Fibonacci, Jordanus, Blasius
of Parma, Sacrobosco and Prosdocimo de’ Beldomandi*® — all Latin writers (his Euclid is
the Campanus edition), and all except Fibonacci, bright stars in the heaven of university
mathematics (but, excepting instead Boethius, not exactly luminaries on that of contem-
porary Humanists). The work is thus (as also confirmed by the contents) in its general
orientation a parallel to the Liber abbaci, submitting abbacus material to the norms of

36 Borrowed he certainly has, but beyond Euclid and Fibonacci his main sources are earlier abbacus
writers.
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scholarly mathematics. The algebra to which Pacioli had access and which he presents
is certainly much more sophisticated than what we find in Fibonacci — among unidenti-
fiable others, Antonio de’ Mazzinghi plays a role [37, p. 99]. But while Antonio may have
understood at least in practice (we do not have his works in original, only through the
three Florentine encyclopaedias) that purely algebraic demonstration was feasible, Pa-
cioli stoops (like Fibonacci) to the idea that proof has to be geometric proof — apparently
a regression if we look at matters in the perspective of the development of algebra as
an autonomous branch of scientific mathematics, less so however if we think of Giro-
lamo Cardano’s proof of the solutions for the cubic equations (below, note 43).%’

Among university mathematicians taking up algebra, the central figure is Johannes
Regiomontanus. At least after coming in close contact with Bessarion in 1460-61, he
clearly worked intensely to connect mathematics with Humanist ideals. In his Padua
lecture from 1464, as we remember, he observed that until then ‘nobody [had] trans-
lated from the Greek into Latin the thirteen most subtle books of Diophantos, in
which the flower of the whole of arithmetic is hidden, namely the art of the thing and
the census, which today is called algebra by an Arabic name’. He thus wants to under-
stand algebra as a legitimately ancient and Greek art, or to make the audience see it
thus.*®

We also know the kind of algebra he practised when calculating in private, namely
from his notes to the correspondence with Giovanni Bianchini [ed. 38, pp. 192-336]. This
is in the style of Florentine abbacus algebra of his own times — an illustrative example
is discussed in [39, p. 37f]. He also uses algebra a couple of times (I1.12, I1.23) in the man-
uscript for De triangulis, as can be seen on the facsimile [40: Abb. 2, 3]. The Humanist
connection certainly had no impact on his algebraic practice, neither inspiring transfor-
mation nor preventing its use — nor could the problems to which Regiomontanus applied
the technique ask for more than its traditional shape had to offer.

Another university-trained mathematician to be mentioned is a certain magister
Gottfried Wolack, who held a university lecture in Erfurt in 1467 and again in 1468
[ed. 41]. This lecture may have been the first public exposition of abbacus mathemat-
ics in German area, and may have played a role in legitimizing the field within Latin

37 Nicolas Chuquet appears to have made a social move opposite to that of Pacioli, acquiring first a
partial medical education. Exploring his work would lead far — too far for the present purpose, given
that it resulted a dead end. Chuquet’s only influence was indeed through Etienne de la Roche, who
borrowed freely from Chuquet’s Triparty for his Larismetique from 1520, but excluded everything too
radically new [86, p. 120f].

38 In order to know that the work should have 13 books, Regiomontanus must have read at least (in)
Diophantos’s preface to book I (unless he was informed by somebody who had). Since he believes all
13 books were actually present in the manuscript, he cannot have inspected the whole of it. If, after
the preface, he has read no further than book I, he will have had no occasion to discover that Diop-
hantos mainly investigates indeterminate problems, and thus presupposes but hardly presents techni-
ques similar to those of Arabic algebra.
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learning at the time where the Rechenmeister tradition was emerging — several manu-
scripts of the lecture still survive, so it seems to have circulated well. However, “cos-
sic” algebra (that is, Germanized algebra in abbacus style) already circulated in
German manuscripts around a decade before, whereas Wolack has no algebra [42, pp.
136-139].

Some Humanists, most notably Bessarion, already thought around 1460 that mathemat-
ics (but in particular mathematical astronomy) was an important part of the ancient
legacy. The earliest Humanist of reputation to take up mathematics was probably Leone
Battista Alberti. When looking at his treatises on perspective, in particular at his Ele-
menti di pittura [ed. 43, pp. 109-129] we may find a merger of a broadly Humanist (but
more precisely, artistic) and a mathematical outlook. Since this has nothing to do with
algebra, I shall not pursue the question. His Ludi rerum mathematicarum [ed. 43, pp.
131-173] turns out not to offer more. Most of the work concerns elementary sighting
geometry and area measurement. There is no trace of it being taken from contempo-
rary abbacus geometry, even though that would have been possible. The authorities
who are cited [ed. 43, p. 153] are Columella and Savazorda [sic] among the ancients®
and ‘Leonardo pisano among the moderns’. Through its conception of mathematics as
noble leisure, the work may have served to provide mathematics with Humanist legiti-
macy; but it did nothing for mathematics beyond that.

The first Humanist editions of ancient mathematical texts are Giorgio Valla’s De
expetendis et fugiendis rebus from 1501 [44], where quadrivial matters, including Eu-
clidean excerpts but also music and astronomy-cum-astrology, are dealt with in books
I-XIX; and Bartolomeo Zamberti’s translation of the Elements from an inferior Greek
manuscript, printed in 1505. The former is a floriléege and the second nothing but a
text edition (made moreover, as pointed out by Francesco Maurolico, by a translator
who knew Greek but was so far from being up to the mathematics that he did not
discover the blunders of his inferior manuscript*°).

Around 1500, at the very beginning of French Humanism, we also encounter Jac-
ques Lefévre d’Etaples’ mathematical editions. Their character is well illustrated by
the purely medieval-quadrivial contents of the volume he brought out in 1496 [45]:

— Jordanus’s Arithmetica decem libris demonstrata;

—  Lefévre d’Etaples’ own Elementa musicalia in Boethian tradition;

—  his Epitome in duos libros arithmeticos divi Severini Boecii;

- his description of rithmomachia, a board game invented around 1000 and serving
to train the concepts of Boethian arithmetic.

39 Since Alberti can only have known Savasorda through Plato of Tivoli’s translation, his sensibility to
the ‘barbaric’ Latin of the twelfth century cannot have been as acute as Humanists would like it to be.
40 For instance, in two letters, Illustrissimo Domino D. Ioanni Vegae and Illustrissimo Ac Reverendis-
simo Domino D. Marco Antonio Amulio [87, 104]. See also [88, p. 165].
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No wonder, perhaps, that Humanism had had nothing to offer to mathematics in the
preceding century — a fortiori to algebra.

6 1500-1575: a changing scenery

After Pacioli’s time, the abbacus environment per se was no longer theoretically pro-
ductive in algebra — Christoph Rudolff, Cardano and Michael Stifel, certainly working
on algebra in continuation of the abbacus tradition, were scholars; Niccolo Tartaglia,
like Pacioli, worked hard and successfully to become one; Rafael Bombelli was an en-
gineer-architect. Printed books linked directly to abbacus-like teaching (like that of
Piero Borgi from 1484 [46], serving as ‘introduction for any youth dedicated to trade’)
tend to include no algebra (thus agreeing with the school curriculum). At most they
would repeat what had been made before 1500 — like Ghaligai’s Summa de arithmetica
from 1521 [47], with a new edition in 1552, whose last (algebraic) chapters are drawn
from what Ghaligai had been taught about algebra by his master Giovanni del Sodo in
the late fifteenth century.*!

The first to find the solution to certain irreducible third-degree equations — Sci-
pione del Ferro, around 1505 — was a university professor, but his way of communicat-
ing it confidently to friends and students who could then use it in competitions shows
vicinity to the abbacus norm system. However, we have no knowledge about the de-
liberations that led him to the goal,** so he is uninteresting for our purpose.

Let us therefore first look at a physician and intellectually omnivorous scholar
who had turned his interest to abbacus-type mathematics, namely Cardano. Most of
his mathematical writings have problems or methods from abbacus mathematics as
their starting point. But they are written in Latin, and their shared aim is to produce
scholarly mathematics, mostly in agreement with (some sort of) Euclidean norms.
Further, he was versed in Humanist culture; this is already obvious from the language
and the rhetoric of his Praise of Geometry, read at the Academia Platina in Milan in
1535 [48, pp. 440-445] - not to speak of his non-mathematical writings. That he im-
plored Tartaglia to give him the solution to the cubic equations and then found the

41 Thus the table of contents, which also refers to inspiration from Elements II and X and from Fibo-
nacci. The text looks very much as if Euclid and Fibonacci have been filtered through del Soto’s teach-
ing, but also refers to Pacioli and Benedetto; the technical concepts borrowed from Elements X could
thus come from Pacioli. Nothing, in any case, is found which had not already been done in the later
fifteenth century.

42 Arnaldo Masotti [89, p. 596], following Giovanni Vacca [90], shows how mere experimentation
with cubic binomials might suffice. Since such equations had been in focus since the earlier four-
teenth century, and since it had been known by the more insightful abbacus algebraists for almost as
long that the solutions that circulated were false, an attentive del Ferro may well have taken note if
such play suddenly gave an interesting result.
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proofs (publishing them with due reference once he discovered that Tartaglia had no pri-
ority)* does not distinguish him from what had been done in abbacus algebra at its best
since centuries, nor that he went on and showed in the Ars magna how other mixed
cubic equations could be reduced to these types (the necessary techniques were already
used in the algebra contained in the manuscript spoken of in note 32; see the text follow-
ing the note). But Cardano went on from here to questions that had not been raised by
any abbacus writer as far as we know, investigating the relation between coefficients and
roots, and using the theory of irrationals of Elements X in order to find conditions that
solutions would have to fulfil. He was not the first to work with negative numbers — Pa-
cioli had done so and so had the Florentine manuscript just mentioned. But Cardano did
it more effortless than any precursor, and in the end of the book he even introduced
their roots and operated with them — possibly because he had run into them when work-
ing on cubic problems, but actually on the basis of the second-degree problem r + t = 10,
rt = 40, which everybody before him would just have dismissed as ‘impossible’. A similar
experimental spirit had been present in the university environment in Oresme’s time,
but certainly not after 1400. Nor was it common in fifteenth-century Humanism — Lor-
enzo Valla is the only exception that comes to (my) mind. But it was not foreign to the
spirit that developed in the Humanism of the mid-sixteenth century — we may think of
two works written at about the same time in Humanist style and famous in the history of
science, Vesalius’s De fabrica humanis corporis and Agricola’s De re metallica. Both are
respectful towards Antiquity — Agricola even shapes his title after Columella’s De re rus-
tica — but both are also delighted to follow tracks never explored by the ancients.

In 1545, and again in 1570 [49],** it was possible for Cardano to pursue revolutionary
novelties in algebra. Other famous writers in the field were less revolutionary. Stifel’s
Arithmetica integra from 1544 [50] sets forth ‘all that was then known about arithme-
tic and algebra’ [51, p. 59] and generalizes in a way his Italian predecessors had not
done (both in his development of polynomial algebra and in his use of symbolism). He
presents everything (or almost) developed or used by some Italian abbacus algebraist
and deploys it systematically in a way none of them (including Pacioli) had done. We
may claim that he brought the project of abbacus algebra to completion, as also recog-
nized by those who borrowed from him — Tartaglia in Italy and Peletier in France.*

43 This is Cardano’s version of the story [91, fols 3%, 16, 29"]; given his earlier work on the problems
to find two numbers from their product and either their sum or their difference in the Practica arith-
metice, et mensurandi singularis [92], it sounds plausible — once you see the solution formulae for the
equations K + ac = n and K = ac + n, it is almost immediately clear that they have the corresponding
structure, and from there the road to the geometric proof is also easy. This was indeed anticipated by
Tartaglia in a correspondence from 1539 printed in [93, fol. 115'].

44 Little has been done on his difficult De regula aliza, but now see Sara Confalonieri’s analysis [94].
45 Ramus is of course an exception; in [95, p. 66], he goes as far as to ignore Stifel’s very existence,
which for somebody with Ramus’s psychological constitution amounts to a confession that his algebra
from 1560 [96] depends (in all its poverty, and maybe indirectly) on the Arithmetica integra.
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In his lecture from 1535, Cardano had referred to Grynaeus’s edition of the Greek Eu-
clid with Proclos’s commentary, published two years earlier. The editio princeps of
Pappos’s Collection appeared in Basel in 1538 (Commandino’s Latin translation in
1588, after having circulated in manuscript), that of Archimedes in Basel in 1543; Mem-
mo’s Latin edition of books I-IV of Apollonios’s Conics appeared in 1537 (Commandi-
no’s in 1566); Xylander’s Latin translation of Diophantos was published in 1575 (the
Greek editio princeps only in 1621). Only from the 1530s or 1540s onwards is it thus
possible to distinguish a genuine Humanist interest in mathematics. Maurolico’s and
Commandino’s work in mathematics also began around this time.

However, being a mathematically interested Humanist was not sufficient to be able
to contribute actively to the development of algebra. A good example is Peletier’s L’alge-
bre from 1554 [52] which is decent but brings nothing new with respect to Stifel (in spite
of Peletier’s engagement in linguistic symbolization in Dialogue de I'Ortografe from 1555
[53]). Even being actively interested in Greek mathematics was not enough — here, we
may think of Buteo’s Logistica from 1559 [54]. A perfect precursor of Moliere’s pré-
cieuses (who also existed outside comedy), he finds the term Arithmetica too vulgar,
and introduces Logistica. He writes p for the first power of the unknown (so had Bene-
detto done, and even the fourteenth-century manuscript referred to in note 32), ¢ for
the second power and (7 for the third, and P respectively M where Stifel, following Wid-
mann’s Behende und hubsche Rechenung [55], had used + and —; even these signs he
may have considered vulgar qua mercantile. His geometric proofs for the solution of
the mixed cases refer explicitly to Elements II, and he adds and subtracts polynomials
in schemes (as done in Italy since the fourteenth century). But he has no further theory,
only problems, and none of his problems go beyond what could be found among four-
teenth and fifteenth- century abbacists. In all probability he had no intention to go he-
yond; his aim may well have been to submit the elementary textbook genre to linguistic
and notational purification (we may perhaps think of the father of Humanists, Petrarca,
who would rather be ill than cured by Arabic-inspired university medicine).*®

Even Maurolico, a far better mathematician than Buteo and not burdened by lin-
guistic prudishness, did little more in his short manuscript Demonstratio algebrae
[ed. 56], and probably intended to do no more. The treatise is an orderly presentation of
the sequence of algebraic powers as a geometric progression, with rules for multiplica-
tion and division. As had been formulated in many more words by Pacioli (and by other
abbacists before him), Maurolico states that the traditional rules for the mixed second-
degree cases can be used for all three-term equations where the middle power is ‘equi-
distant’ from the other two (Maurolico uses Pacioli’s word and makes no attempt to
show off by speaking of geometric means); and even his geometric proofs refer to Ele-
ments II.

46 Lettere senili XII, 2 [ed. 97, II, p. 260f].
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From the mid-sixteenth century onward, Boethius’s Arithmetica and De musica
gradually lost ground in university curricula, being replaced not by anything Human-
ist but rather by works linked to mathematical practice [57, pp. 127-132]; but Human-
ism, with its emphasis on civic utility and civic leisure, may have contributed to
preparing the ground for this (slow) change.

7 The take-off of Modern algebra

One effect of the reception and initial creative work on the full Greek mathematical
heritage was that problems moved into the focus of scholarly mathematics,*” in con-
trast to the emphasis on theory of the high and late medieval Euclidean tradition.*®
This change of focus was due in part to what was found in the ancient texts them-
selves (not least Pappos) and in part also to the kind of activity that came out of at-
tempts to work creatively within the new theoretical framework provided by these
texts; but it was certainly furthered by the type of social interaction in which players
like Viete, Fermat and Mersenne participated, competitive and communicative at the
same time.

But the change was not solely towards the solution of problems taken in isolation;
it also implied interest in the general conditions for solvability and the character of
solutions — that is, in a new kind of theory. Inspiration for this theory and some an-
swers (the classification of plane, solid and linear problems) could come from Pappos;
but that did not suffice. Diophantos provided challenges rather than answers. Algebra,
on the other hand, had always been primarily a technique for solving problems, and
it already had some successes to exhibit within the kind of mathematics that now had
the foreground. It will therefore have seemed obvious to re-investigate it in order to
draw from it not just isolated problem solutions but also higher-level information.*’

47 See [98, pp. 186-188] and, in general, [59].

48 Beyond the theologically tainted preference for the ‘speculative’ over the ‘active’, the importance
of which should probably not be overstated, the teaching style of universities certainly played a major
role in the creation of this emphasis. Lectures would allow the exposition of theory, and disputation
invited metatheoretical reflections on the status and ontology of the discipline. Even written quaes-
tiones, emulating the style of the disputation, would inspire philosophy of mathematics and not call
for eristic work on problems — cf. [99, p. 218].

49 Descartes explains in the introduction to his Discours de la Methode [107, p. 18f] (to which La geo-
metrie is one of three appendices supposed to test the new method (actually, they were written before
the Discours [100]) that he had hoped to get assistance for his project from logic, and, among the
branches of mathematics, from ‘the analysis of the geometers and from algebra’. But he immediately
discards logic as an art that only serves to explain to others what one already knows, or even to speak
of what one does not know. Analysis is too intimately bound up with the consideration of geometrical
figures; algebra, finally has been so much ‘subjected to certain rules and certain signs that one has
made out of it a confused and obscure art that puts the mind in difficulty instead of a science that
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The algebra that was taken over was not directly that of the abbacus masters but ab-
bacus algebra as ordered and further developed by Stifel and Cardano (and by Tarta-
glia, Nufiez, Stevin and Clavius), and as it was also known through French writers like
Peletier and Gosselin — in Descartes’ case, first of all Clavius’s cossic algebra, from
which he had been taught in La Fléche. This creative synthesis drew on the abbacus
tradition but also on the meta-theoretical norms of high and late medieval university
mathematics.

Evidently, Viéte’s reference to ‘a new art, or rather so old and so defiled and pol-
luted by barbarians that I have found it necessary to bring it into, and invent, a
completely new form’ [108, p. 2] is in itself a Humanist confession. But as demon-

cultivates it’. Algebra thus seems to offer some hope, if only it could be liberated from these rules and
signs inherited from cossic algebra through Clavius — which is indeed one of the things done in La
geometrie.

In contrast, we may think of the more modest ambitions expressed by Pedro Nuiiez in his Libro de
algebra en arithmetica y geometria, published in 1567 [101] but written well before that year (in 1554,
Peletier [52, p. 2] knew about it). Nufiez’s aim is to show the wonders algebra can perform; among
other things he does this not simply by finding solutions but by stating solvability. However, in the
geometry section, we find statements like these (in total, he offers 77):

—  If the side of a square is known, the area will also be known;

—  if the sum of the diameter and the side is known, each of them will also be known;

—  if the side and the diameter and the area joined together are known, each of them will be known;
—  If the product of the diameter and the area of the square is known, each of them will be known;
— if one of the sides [of a rectangle] and the diameter are known, the area will be known;

—  if the area is known and the two sides containing a right angle joined in one sum is known, each
of the sides will be known;

— if the ratio of the two sides is known, and the magnitude of the diameter is known, or the ratio of
the diameter to one of the sides as well as the other side are known, each of the others will be
known;

—  if the sides of a right triangle joined in one sum is known, and they are in [continued] proportion
[. . .], each of the three will be known;

—  if the two sides of a triangle are known, and the ratio between the parts of the base where the
perpendicular falls is known, the base and the perpendicular and the area will be known;

—  if the three sides of the triangle are known, and a circle is described, which touches its three
sides, the semi-diameter of the circle will be known, and the parts of the sides divided by the
touching points, and the distances from the centre to the angles of the triangle will also be
known.

Only those about non-right triangles go beyond what we could find, for instance, in Abu Bakr’s Liber

mensurationum [ed. 102]. But even these are a far cry from some of the problems treated by Viéte —

for instance [trans. 58, p. 403].

If there are two individual isosceles triangles and the legs of one are equal to those of the other
and the base angle of the second is equal to three times the base angle of the first, the cube of the
base of the first minus three times the product of the base of the first and the square of the com-
mon leg is equal to the product of the base of the second and the square of the same leg.
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strated by Regiomontanus, such confessions might be nothing beyond lip service.*
The mere wish to distinguish himself from the Arabs was certainly not what inspired
Viete’s reformulation of the whole discipline; at most it was what induced him to use
the terms logistica, analysis, zetetics and poristics — and it did not keep him from also
using the term algebra albeit nova, instead of leaving it (as once Jordanus) to readers
to discover. Such rhetoric characterizes him as a scholar of Humanist constitution.
But what caused his mathematics (and that of Descartes and Fermat, and others who
did not contribute to the reshaping of algebra) to be Humanist, or rather post-
Humanist, was their participation in an endeavour made possible (and next to com-
pulsory for active theoretical mathematicians) by that relatively full access to the best
ancient mathematicians that had been provided by sixteenth-century Humanism.

I shall not undertake a detailed analysis of the aims and the novelties of Viéte’s
and Descartes’ algebra — I would not be able to add anything of importance to Richard
Witmer’s ‘Translator’s Introduction’ [58] nor to Henk Bos’s analysis [59] (to name but
these two). As an argument that the reformulation of the discipline was really needed
for the post-Humanist mathematical project, and instead of losing myself in a study of
Fermat, I shall point to an episode that took place a small decade after the publication
of Descartes’ Geometrie. In 1645-46, the adolescent Christiaan Huygens studied mathe-
matics under the guidance of Frans van Schooten. Vol. 11 of his Oeuvres contains a
number of problems he investigated in this period by means of Cartesian algebra,
many of which deal with matters inspired by Archimedes and Apollonios [60, pp.
27-60]. Another sequence of problems [pp. 217-275], to be dated c. 1650, is derived in
part from Pappos. It is difficult to imagine that they could have been efficiently dealt
with by algebraic notations in Cardano’s or Stifel’s style.

8 Coda

As Diederick Raven and Wolfgang Krohn [1, pp. xxx—xxxiv] found out from inspection
of Zilsel’s unpublished papers, the thesis that inspired the present investigation was
part of a larger project on ‘The social roots of modern science’. In Zilsel’s outline,
mathematics only enters in section IV, ‘The rise of the quantitative spirit’, subsection
2, ‘mathematics and its relation to commerce, military engineering, technology, and
painting 1300-1600’. Algebra is invisible. The support for Zilsel’s general thesis pro-
vided by the creation of Modern algebra (still of course to be distinguished from Mo-
derne Algebra, cf. above) thus appears to be both unexpected and uninvited.

50 Actually, Clavius [103, p. 4] quotes Regiomontanus’s ascription to Diophantos as more verisimilar
than the belief that the art is Arabic. But what is found in his book is quite in Stifel’s style.
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